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DUAL FORMULATIONS OF THE BOUNDARY-ELEMENTS METHOD.
APPLICATION TO ELASTICITY THEORY PROBLEMS FOR INHOMOGENEOUS BODIES*®

V.YA. TERESHCHENKO

Alternative  variational formulations are considered for the
boundary-elements method (BEM) that wutilize the formulation of
minimization problem of boundary functionals and generalized Trefftz
functions of linear elasticity theory /1/. The variational solutions
are approximated by using boundary potentials with the desired density:
the formulation in displacements (line) in place of the interpolation
considered earlier of the double layer potential (DLP) density uses
interpolation on the boundary element (BE) of the simple layer potential
(SLP) density according to the nodal values of the displacements; the
dual formulation is interpolation on the BE of the PLP density according
to the nodal values of the stresses.

It is best to wuse the formulation for solving problems of
elasticity theory with mixed boundary conditions, contact problems. 1In
particular, the dual formulation turns out to be effective in solving
problems for elastic media with discontinuous elasticity coefficients
{piecewise-homogeneous); adjoint conditions must be realized in the
corresponding variational problem for both the displacement vector and
for the stress vector on the surface of discontinuity of the
coefficients. The results obtained in /1/ and in this paper are
compared with the results arising from other BEM formulations.

1. Duality of the kinematically allowable displacements and statically allowable stresses
resulting from the Lagrange-Castigliano principle /2, 3/ is known in linear elasticity theory.
A corresponding assertion for surface displacements and stresses follows from dual variational
principles for the boundary functionals in problems with bilateral and unilateral constraints
on the boundary /4, 5/. The connectedness of the dual formulations of the variational problems
{the explicit connection between the variables of the problems in terms of the governing
relationships on the boundary) results in identical systems of boundary equations of the Ritz
process.

As in /1/ we will give a brief description of the direct BEM formulation on the basis
of a problem for a boundary functional

minE (@), F(g)=Jot® (g)ds —2§ gt (u*)ds (1.1)
e=D 8 8

D@ ={wag@ =0 =26 (gic={roteac=0)
G G

Here ¢ is the displacement vector, A is a vector operator of isotropic homogeneous
elasticity theory, GC E, (m =2, 3) is a bounded domain with a sufficiently smooth boundary
S with external normal v, t™ (u*) is the vector of the given stresses at points of S.

*ppikl.Matem. Mekhan.,55,1,118-125,1991
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Realization of the solution of problem (1.1) is related /1/ to the approximation of the
set of allowable functions D of the vector-potentials (DLP or SLP) with a desired density in
the form of a complete interpolation polynomial. The polynomial coefficients are determined
in terms of values of the displacement vector at BE nodes into which the boundary S is
partitioned. The desired nodal values are parameters of BE-approximations “according to Ritz"

/1/

m N K
gy =2 2 X Ol (x). 2EC 6 (1.2)
i=1 n=1 k=
S endGy = S rot gy dGa =0
Ga Ga
where ®,® i=1, ..., m), everywhere later) are components of the desired nodal BE dis-

placements

N
As, — Sy = {J As,, diamAs,—~0=G,—G
n=1

and P,x are scalar "influence functions" of the k-th node, the n-th BE, constructed in
the DLP /1/. The condition for the BE-approximation of the variational problem (1.1) to be
solvable is presented in /1/. As a result of the Ritz process for solving problem (1.1) in
the approximations (1.2), the system of BEM equations has the form /1/

N K N K
S S ol § ool lds =23 § & w7 ds. ) (1.3)

‘n=1K, p=1 Aa"('ﬂ) n=} p=1 Asn(n)

where 1 (1), 1 € As, are BEM basis functions corresponding to the selected interpolation

polynomial /6/, |J |is the determinant of the Jacobi matrix {J] transforming the surface
element ds, (n) in the local coordinate system into a surface element ds, (y) in a global
(Cartesian) coordinate system /6/.

System (1.3) is written for a special case when the vector-operator of the boundary
stresses t™ (@) = 2udy@ (for example, in problems of the torsion of an elastic isotropic
homogeneous rod /7/) and its BE approximation in the approximations (1.2) has the form /1/

ORFRA LS @)
¢ (2 21 q)nk nk\) = 2 2.! 2]—"®nkavnﬁnk (14)

It has been shown /1/ that the BE-approximations (1.2) form a minimizing sequence for
F(g) and converge as /N — oo to the generalized solution of the boundary-value problem
with stresses t™ (u*) given on S, equivalent to the problem (1.1).

A formulation utilizing the SLP with density interpolating the stress field over nodal
values of the displacements @, from (1.2) for the BE-approximations of the solution of
the problem (1.1) can be an alternative formulation with respect to that elucidated. It is
natural to expect that such a formulation will result in a system of BEM equations identical
to (1.3).

Indeed, the displacement field at the points 1= As, is interpolated over the nodal

values ®% by a linear combination /1/
nk

K
o= 2By, m)

while we take the BE-approximation of the "Ritz" solution of the problem {(1.1) in the form

m N K 3
oy=2 X X 0ol =6,y
i=1 n=1k=1
§ onac, = § rotqydG, =0
Ga Ga
Here 17ym¢ are the “"influence functions" of the k-th node, and the n-th BE are con-

structed according to the SLP that describe the displacement field at the points zeG,
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o=z § e y)t“")(i o @) ds, ) 15

B9, w) =1

where 1® (z,y) 1is Green's tensor of the second problem of statics /8/.

A linear combination of the vector-potentials (1.5) is a solution of the second problem
of statics (in the domain G, with boundary S§,)

N
A(g;vﬂ(:)):O, reG, (1.6)
N N m .
t(\:'A)(EI Vn) - 2 t(vn) (Z q,(nt) (y)) , ye=As,
n=1 8y n=1 i=1

the BE-approximation of the boundary stress vector at the points 1« As, here has the form
(1.4) (with Bnx replaced by vnk); then the "influence functions" v, will be determined
from the formula

1
Yo ()= 5 S I“”(z,y(n))zuavnw,,(n)ll |ds, () .0
A3t

and are an SLP with scalar density. The boundary values of these potentials are the following:

av"ynk lAs,n = avn\pk (0 = Vo IA-?,.= Y () VeE=1,..., K neis, (1.8)

(this last equality holds apart from a certain constant, totally without influencing the
derivation of the system of BEM equations).

Taking these boundary values into account, the Ritz system /1/, in which the "influence
functions™ Bnxx are replaced by vnx. results in a system of BM equations of an identical
system (1.3).

2. The dual BEM formulation for the solution of system (1.1) uses "Ritz" BE-approxi-
mations of the form

RS @
= (A, Ty n, y X G 2.1
ov =2 3 3 000 Tl (@), ¢ EGa 1)
§ gndGs = § rotgndGs=0
Ga Ga
where T ,,® are components of the desired nodal stresses, the BE As, C Sa, related to

the components of the nodal displacements ¢, by physical relationships (for the case of
the BE-approximation (1.4))

Tax® =c (b p) O, ¢ =20, Ve =1, ..., K (2.2)

and Yax are scalar "influence functions"™ of the form (1.7) constructed according to the SLP

1 v,)
n@=7p | Ment™ @dsnw 2.3)
As (v)
with the vector density
() LR )
CrEm) =2 3 Trde b (), nE s, (2.4)

A linear combination of the vector-potentials v, is (like (1.6)) a solution of the
second problem of statics (in the domain G, with boundary S,). Therefore, the approximations

N
q’NE"E"\’n(I)v TEG,
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form a set {¢n}, approximating the set of allowable vector-functions D of the variational
problem (1.1). The boundary values (1.8) of the potentials y,; are used in changing from
the Ritz system /1/ to the system of BEM equations. For the case of the BE approximation of
the vector ™ (¢) of the form of (1.4), the system has the form

N K N K
2 319§ ol ldsam =33 § ™ @, 7 ]ds, () (2.5)
n=1%k, p=1 As, () n=17=1 As, (1)

identical to system (1.3) when (2.2) is taken into account, which confirms the deduction (see
above) of the identity of the Ritz process systems for realizing solutions of related dual
variational problems for boundary functionals; in the BEM formulation under consideration,
the affinity mentioned is reflected by the governing (physical) relationships (2.2) between
the stress and displacement components at the nodes.

The field of normal stresses at the points ne& As, T Sa is determined (interpolated)
from the nodal values T7.,;® found using (2.4); the displacement field at the points = & G,
is determined using (2.3). Therefore, the dual BEM formulation considered results, in the
final analysis,in a variational solution in displacements of the original boundary-value
problem; consequently, its foundation is analogous to the foundation for the direct formulation

/1/.

3. We here utilize the BEM formulation on the basis of the variational problem for the
generalized Trefftz functional /1/. The dual BEM formulation permitting direct approximation
of the normal stress field at the BE points has an effective application for the realization
of the solution of the BE-approximation of the variational problem for the generalized Trefftz
functions corresponding to the elasticity theory problem for a piecewise-homogeneous medium
/8/.

The solvability is established in the theory of boundary-value problems for elliptic
equations (and systems) with discontinuous coefficients of the differential operator /9/ for
such problems in an equivalent variational formulation in the Sobolev class of functions
W,k (G) (for second-order equations). A generalized Trefftz functional (in the example of
the first problem) having the form

O (u) = 2§ W (0)dGq + - § (609 (wls, — ) ds — 3.1)
8,
asuzds + 9§u2ds, G =G, Gy a8=const>0
5, N

is constructed /10/ for elasticity theory problems with discontinuous elasticity coefficients
(here, unlike /10/, the norms of the boundary values ufg, uls, t™ (u)[s) in L, are used for
simplification).

Minimization of the functional @ (u) by the allowable displacement vector-functions u
satisfying the equation Agu(z) =K, z& G (A; is the vector operator of isotropic elasticity
theory with coefficients g = (By, Mg)y Ay = (A, X)) results /10/ in a generalized solution
u, = W™ ((G) (W, (G)  is the subspace from W,!(G) of vector-functions equal to zero on S,)
of the following boundary-value problem:

Au,(z) =K, z= ¢ 3.2)
[uels, = 0, [t (ug)]s, = 0; Iﬂg]s, =0

The solution wu, is understood in the sense of satisfying the integral identity

2§ W, (o, v)dG, —§ 119 (ug)ls, vds — § 100 (u) vas = Kvda,, (3.3)
G EN 8 G
Vve W, (G)

The following notation is taken in (3.1)-(3.3): G is the domain occupied by a composite
elastic medium, S, is the surface of discontinuity of the Lame constants pg, A; S; is the
domain boundary G, DG, S, S, = D; [uls, = W — uy, uy, u, are limit values of the vector

u(z) as z—~yc S, from the domains G, and G,; [t (u)lg, = ¢, (u;) — t,0 (wp); it is
assumed that the surfaces §; and S, are piecewise-continuous, 2W, (u)(¢ =1, 2 henceforth
everywhere) is a quadratic form of the operator A,.

Since the vector-function wu, & W, (G) N W,2(G,) is continuous at points of the domain
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G /9/, the adjoint condition for the displacement vector [uy)g, = 0 1is satisfied; the adjoint
condition for the stress vector [t (uy)ls, = 0 1is satisfied for minimization of the functional
D (u) /10/. The integral identity (3.3), obtained in /10/ by using the Betti formula is
essentially separated into two identities that are satisfied Vv &= W, (G):

2 W, (uy, v)dG, + S 6% (ugy) v ds — § 109 ugy) vds = (Kvag, (3.4)
G,y 1 G,
SW2 (gp, v) G, — St;v') (uge) vds = SKV aG, (3.5)
G 2 G,
uy (z), zEG6, )
u, (2} = {“02 @, ze06, 3.6)

Relationships (3.4)-(3.6) determine the set of allowable vector-functions of the problem
of finding min @ (u). The BE-approximations of the solution of this problem is taken in the
form of the superposition of potentials /1/: a volume and linear combination of SLP (see
(2.1))

K
ui (2) = 8 () + 2 nz 2 e Tikn (2) + 3.7
1 2! Zl T ovinn (@) &G
i=1 ng=1 k=1
m N
Uyy () = 8, () + 21 21 2] CQIT,,. KVengk (T), T EGoa
i=1 ny=

Cg= (g hg) Bgl) = S Ty (. y) K () dGaa (y)

Gga

Nq
SqA= U AS,,q
nq=1

Here Sgu is the BE-approximation of the boundaries S, T(,.{,),,, Tf;,{,k are components of

the desired nodal stresses, the influence functions 7Yk, Vgnx are defined by (1.7) {(with 2p
replaced by appropriate constants ¢ and ¢;); the matrices of the fundamental solutions
Ly (z, y) and Green's tensors of the second problem of statics Ty® (2. y) depend on g, A,
/8/.

The allowability of the application of (3.7) to solve the problem min @ (u) is
established in detail in /1/ taking adjoint conditions into account in the form

U0 = UB, VE =1, ..., K, Any =1, ..., N,
where Ué",f‘k are components of the nodal displacements corresponding to components of the

nodal stresses an,k Therefore, the displacement vector-functions are continuous at points

of the surface of discontinuity of the Lameé constants. Satisfaction of the relationships
{3.4) and (3.5) follows from the allowability of the approximations (3.7){with integration
over Gga and Sg).

The Ritz process for solving the problem min® (u) in the BE-approximations (3.7)
results /1/ in a Ritz system. The procedure for eliminating volume integrals from the system
is described in detail in /1, p.622/. Here the volume integrals of the form ZSWq (ugn, V) dGga

are eliminated by using relationships obtained from the integral identities (3.4) and (3.5)
(with integration over Gg and §,.).

The boundary values (1.8) of the SLP (of the form (1.7)) Prks Vanak are used in transfer-
ring to the system of BEM equations. As a result, the system of BEM equations to find the
nodal stress components has the form

S D (a0 — 100 $0y, widu, ¥p| T ds — (3.8)

ny=1k, p=1

(€T — ca'T5h) S‘Lkav" Yp|J [dsl +

N, K
2 2 da ("i.)kba Pibp| 7 | ds + 6c3 Smp,gp,,ﬂ]ds];—

ny=1k, p=1

. K
S 3 [t §™ ®) — 47 6) oy, 001 7 ds +

ny=1 p=1



S (815 — 65) avn,lpp [ dst -

N, K
2 2 Cl‘l[glgv"‘)(ﬁl)%l J|ds + 68514%“1“]—

n=1 p=1

{ KovwdGis— § Kvavi dGaa

G1a Gaa
N, K‘ N, K
— ¥ \ Y N\l
g = D 2 Yrup: VeN.Kk = 2 2 Verp
=1 p=1 ny=1 p=}

The integrals under the summation over n, sign are evaluated according to the BE A&w(ny
The solution of system (3.8) is realized under the condition

AT, =Gl Vek=1,..,K

and the system is uniquely solvable /1/.

4. Let us examine certain questions of the numerical realization and practical utiliz-
ation of the variational BEM formulas given above (see /1/ also). As an example, the Saint-
Venant problem for a rod with elliptical transverse sections was considered, which can be
formulated with respect to the scalar function of warping of a section as an inhomogeneous
Neumann problem /7/ for the Laplace equation in the domain of the transverse section. This
problem is equivalent to the problem of minimizing the boundary functional (of the form (1.1))
in a set of harmonic functions, or the problem of minimizing a generalized Trefftz functional
(of the form (1.4), see /1/ also in the set mentioned.

The BE approximation of the solution of these variational problems by using harmonic
double-layer potentials with desired density at the BE nodes results in systems of BE-equations
(for which the mode of writing is presented in /1/) with symmetric matrices of coefficients
of banded structure; the band width depends on the type of boundary elements utilized. The
coefficients of the matrix of systems (of the form (1.3), (2.5), (3.8)) for the approximation
of boundaries of isoparametric second-order BE /1/ are calculated most simply. A comparative
analysis of the numerical results of the realization.of the variational BEM formulations for
such an approximation of the above-mentioned torsion problem, shows that to achieve accuracy
of identical order for the "Trefftz" BE approximations, a number of BEs is required that is
three times greater compared with the "Ritz" BE approximations; this confirms the known
results /11/ about the slower convergence of the Trefftz method as compared with the Ritz
method. It is also confirmed that the "Ritz" BE approximations are approximations "with
excess" while "Trefftz" approximations are "with a disadvantage" as compared with the exact
solution of the problem, this follows from a comparison of the corresponding nodal values of
the warping function.

With respect to the practical application of the proposed BEM formulations, it should be
noted that it is best to apply the formulation on the basis of minimizing the boundary
functional in solving unilateral boundary-value problems. The "“Ritz" BE approximations to
solve the plane elasticity theory problem with unilateral constraints (of the generalized
Signorini problem type) were used /12/ to realize the duality algorithm. It is convenient to
apply the formulation on the basis of minimizing the generalized Trefftz functional when
solving mixed problems and problems for piecewise-homogeneous elastic bodies since the
singularities of these problems associated with different boundary conditions and adjoint
conditions for the desired function are taken into account in the corresponding generalized
Trefftz functions /10/.

The advangates and disadvantages of the proposed BEM formulation were analysed in detail
/1/ compared with existing formulations on the basis of boundary integral equations /13, 6/
{(which are applied more often in applications); conseguently, without being repetitive, let
us just emphasize that the development of a boundary ((m — 1)-dimensional) BEM modification
is started in /1/ and continued in this paper for the "Ritz" formulation with all the
resultant features of the numerical realization of the algorithms inherent to the variational
formulation of the BEM. If a comparison is made with the BEM formulation on the basis of the
method of weighted residues (residuals) /14/, then it should be noted that the proposed
formulations on the basis of variational problems for boundary functionals and generalized
Trefftz functionals can be considered as a modification for realizing the method in question
which also allows a variational formulation. A comparison of individual details indicates
unconditionally the general features inherent in different BEM formulations: integral
representations on the basis of potential theory and interpolation of the solution of the
problem in the boundary element in a formulation using boundary integral equations or a
variational approach.

We note that the proposed variational BEM formulations for solving boundary-value problems
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of linear elasticity theory can be treated as a semi-analytic BEM for solving elliptic
boundary-value problems. The foundation for such terminology is the fact that the "Ritz" BE
approximations of the solution of variational problems for boundary functionals (or
generalized Trefftz functionals) with a constraint, (satisfaction of the differential
equation of the boundary-value problem) equal identically the boundary potentials (or the
superposition of volume and boundary potentials). Therefore, the constraint of the
variational problems is satisfied exactly; the density of the boundary potentials is
determined so that the boundary conditions of the boundary-value problem would be satisfied
as a result of solving the variational problem for the boundary functional (or the
generalized Trefftz functional).
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